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Abstract
We have obtained the most general solution of the Einstein vacuum equation
for the axially symmetric stationary metric in which the Klein - Gordon equation is
separable. It has four parameters of which the two are familiar mass and rotation
(or NUT-like parameter) while the other two are new and dimensionless, and can
survive only when the rotation parameter is non-zero. The general solution includes
the Kerr black hole which would now have two new hairs arising at the cost of
asymptotic flatness.
PACS numbers: 04.20.-q,95.30
It is well-known that the Kerr solution is the unique two parameter solution of the
Einstein vacuum equation for asymptotically flat axially symmetric stationary spacetime
admitting regular smooth horizon. The two parameters represent mass and angular mo-
mentum of a rotating black hole. This is by far the most interesting black hole solution
of the Einstein equation with important applications in high energy astrophysics. The
vacuum black hole could thus be specied by only two parameters. This fact is expressed
in the relativistic literature by the statement that black hole has no hair.
It is however worth enquiring, what happens if we drop the requirement of asymptotic
flatness? There do exist black hole spacetimes which are not asymptotically flat. For
instance the NUT and the Kerr - NUT solutions [1,2], and black holes in uniform magnetic
eld [3] and in the deSitter universe. That is, dropping of the asymptotic flatness condition
is not entirely unphysical and unknown. It is therefore a pertinent question to seek the
most general solution without the assumption of asymptotic flatness. Among the examples
cited above, the NUT and the Kerr - NUT are the vacuum solutions. NUT solution also
presents a very unfamiliar situation and there has not emerged for a long time a clear
understanding of its source. Only recently it is being argued that it could represent the




eld of a gravomagnetic monopole [4]. It is however a very interesting solution. The
vacuum solutions are always interesting and more so the axially symmetric ones.
One of us had developed a method [5] of nding physically meaningful solutions by
requiring a priori the separability of the Klein - Gordon equation in the spacetime metric
under consideration. This ensured automatically one, the integrability of the geodesic
equation and two, the horizon being given by a coordinate surface. The metric which
satises this requirement would henceforth be called perfect. We wish to employ this
method to nd the most general vacuum solution for the axially symmetric stationary
spacetime admitting the perfect metric. In this case, spacetime is characterized by the
two Killing vectors, one timelike indicating the conservation of energy and the other
spacelike indicating the conservation of angular momentum. We shall now rst exhibit
the form of the perfect metric and then give the most general solution.
The perfect axially symmetric stationary metric is given by,
ds2 = (F − a2G)−1[(U2 − a2V 2)dt2
+ 2a((F − U2)V 2 − (G− V 2)U2)dtdϕ− (F 2V 2 − a2G2U2)dϕ2]−










F = r2 + a2, G = 1− S2 (2)
and U = U(r), V = V (S). Here S is an angle coordinate and a is a constant having
dimension of distance.
Now the most general vacuum solution is given by
F − U2 = 2Mr + (1− k)a2, G− V 2 = −2NS + 1− k (3)
where M is a constant of dimension of distance while N and k are dimensionless constants.
We dene the coordinate θ by integrating for the angle variable S in the metric (1) and
obtain
S = N +
p
k + N2cosθ, V 2 = (k + N2)sin2θ. (4)
Note that both new parameters N, k are dimensionless, which means that they could
have non-trivial meaning only in the presence of a dimensionful parameter, and that
critical parameter is a. That is the new parameters can only survive in presence of the
parameter a. This is the four parameter general solution which admits regular horizon
for M > 0.
The Kerr solution is included in the general solution and it emerges when N = 0
and k = 1. Then the parameters M and a attain respectively the usual meaning of the
mass and the specic angular momentum of the black hole. The general solution would
thus give two new dimensionless parameters to a rotating black hole. Their occurrence is
critically tied to the parameter a. Let us now consider what kind of new situations does
their presence give rise to?
(a) In the Kerr solution the limit M = 0 leads to flat space indicating that rotation
of its own cannot stand as a source for gravitation. The new solution does oer a new
situation of non-flat space when M = 0 with a and N non-zero [6]. But now a looses
its meaning as rotation as there is no axis dened as is the case for the NUT space. In
fact the parameter aN is the NUT-like parameter. In this space similar to the NUT
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space particles propagate on a cone-like surfaces ending up in the source. It would in a
sense represent a pure gravomagnetic eld with non-localized source. With M = 0 and
k = 1, this solution could be looked (from eqn. (3)) upon as dual to the Kerr solution.
The characteristic of the axially symmetric eld is the metric potential gtϕ. In eqn.(3)
for k = 1, when M 6= 0, N = 0 it is the Kerr solution while M = 0, N 6= 0 is the pure
gravomagnetic eld considered in Ref. [6]. It is in this sense the two spacetimes are dual
of each-other.
(b) There emerges a clear hierarchy among the parameters. It is mass which can stand
all by itself, followed by the parameter a (which represents rotation when M is non-zero)
which does need a hinge on N or k in the absence of mass. The new parameters can
only survive when a is non-zero. It may though be noted that the Riemann curvature
formally vanishes for a, k only being non-zero. However it would have a δ-distribution on
the line dened by gϕϕ = 0 (see the discussion below). The space is, like the cosmic string
[7], locally flat but not globally. This is therefore a new cosmic string like cosmological
spacetime.
(c) The metric (1) has the regular expressions for horizon and static limit like the
Kerr solution and would have all the physical aspects associated with the ergosphere and
negative energy orbits, etc. However, globally the spacetime is radically dierent from the
Kerr spacetime. It has the NUTish character. Normally the axis is dened by V 2 = 0;i.e.
θ = 0, where the determinant of the metric vanishes. In our case, it cannot lie in the space
because gϕϕ has become zero at some θ0(r) > 0 and has changed sign. The boundary of
the space would thus be dened by θ0(r) which is the root of the equation gϕϕ = 0. Since
gϕϕ vanishes at θ0(r), it would dene the axis. Normally, such a condition would dene a
surface rather than an axis. In here note that the cross-section of the surface is reduced
to a point and that is why it degenerates into a line. The polar angle θ could therefore
range only through θ0(r)  θ  pi − θ0(r). It is the new parameters that have produced
this kind of strange and unusual phenomenon. Asymptotically θ0 would approach θ = 0
as 1/r2.
(d) Generally, axis is a typical example of a coordinate singularity because one of the
metric coecients vanishes on it. The formal computation of the curvature components
does not reveal possible presence of δ-function singularity of the curvature as in the case
of cosmic string [7]. In this case the coordinate surfaces do not meet the axis orthogonally
and thus create conical points. This is the clear indication of δ-function singularity in
the curvature of the coordinate surfaces. The similar situation was dealt with in Ref. [8]
where a space between two identical surfaces was removed and then the two semi-spaces
were pasted together. It was shown that this procedure produced δ-function singularity
in spacetime curvature. In our case, the singularity has only one spatial dimension which
is the axis as we have dened. The singularity of curvature indicates the presence of hair
on the axis. It is the new parameters N and k which have caused all this strange and
unusual structure of the spacetime. In this way, the new parameters legitimately attain
hairhood.
(e) Another unfamiliar feature which emerges is gtϕ attaining a constant value asymp-
totically. This constant could however be removed by choosing k = 1−2N2. In that case,
it would share the asymptotic limit with the NUT solution for aN = 2l where l is the
NUT parameter. This three parameter solution is analogous to the Kerr - NUT solution
[2] but the two are dierent. This is indicated by the fact that a = 0 in the former leads
to the Schwarzschild while in the latter to the NUT solution. They only share the same
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asymptotic limit.
(f) These unusual features could however be contained and the spacetime could be
brought arbitrarily close to the Kerr solution by a proper choice of the parameters. Let
us write k = 1+2N, N = . Both gϕϕ and gtϕ would have the usual proper behavior upto
the rst order in . The spacetime would then be the Kerr black hole with innitesimal
distortion caused by the new hair. It is remarkable that this perturbation of the hole is
caused through an exact solution of the vacuum equation. For an asymptotic observer, it
essentially continues to be a rotating black hole. Further it may be noted that it is the
axial symmetry in contrast to the spherical symmetry that alone oers such an interest-
ing possibility. The Schwarzschild black hole can have no such a hair. This is because
there could exist no asymptotically non flat vacuum solution in spherical symmetry. The
Schwarzschild solution is unique without the assumption of asymptotic flatness.
By nding the general solution, we have shown that there could occur new hairs on
the rotating black hole with an unusual geometric structure on the axis. The new hairs
have of course been obtained by sacricing asymptotic flatness. Their physical meaning
however remains unclear and it would evolve over a period slowly and gradually as was
the case for the NUT solution. The rst probe in this direction would perhaps be to
study the astrophysical eects of the new hairs and obtain bounds from the observations
on their existence and relevance in a realistic astrophysical scenario. This is what we
propose to do next. The details of the present work will be given in a separate paper [9].
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